A star edge coloring of a graph is a proper edge coloring without bichromatic paths and cycles of length four. In this paper we establish tight upper bounds for trees and subcubic outerplanar graphs, and derive an upper bound for outerplanar graphs.
Introduction
A star edge coloring of a graph G is a proper edge coloring where at least three distinct colors are used on the edges of every path and cycle of length four, i.e., there is neither bichromatic path nor cycle of length four. The minimum number of colors for which G admits a star edge coloring is called the star chromatic index and it is denoted by χ ′ st (G). The star edge coloring was initiated in 2008 by Liu and Deng [8] , motivated by the vertex version (see [1, 3, 4, 6, 7, 9] ). Recently, Dvořák, Mohar and Šámal [5] determined upper and lower bounds for complete graphs.
Theorem 1 (Dvořák, Mohar, Šámal) . The star chromatic index of the complete graph K n satisfies
2(1+o(1)) √ log n (log n 1/4 ) .
In particular, for every ǫ > 0 there exists a constant c such that χ ′ st (K n ) ≤ cn 1+ǫ for every n ≥ 1.
They asked what is the true order of magnitude of χ ′ st (K n ), in particular, if χ ′ st (K n ) = O(n). From Theorem 1, they also derived the following near-linear upper bound in terms of the maximum degree ∆ for general graphs. A graph G covers a graph H if there is a locally bijective graph homomorphism from G to H. While there exist cubic graphs with the star chromatic index equal to 6, e.g., K 3,3 or Heawood graph, no example of a subcubic graph that would require 7 colors is known. Thus, Dvořak et al. proposed the following conjecture.
In this paper we determine a tight star chromatic index of subcubic outerplanar graphs and trees, and an upper bound for star chromatic index of outerplanar graphs.
Throughout the paper, we mostly use the terminology used in [2] . In a graph with colored edges, we say that a color c appears at vertex v, whenever there is an edge incident with v and colored by c. In a rooted tree, the root is considered to be at level 0, its neighbors at level 1 (1-level vertices), etc. An edge is of level i (i-level edge) if its two endvertices are at level i and i + 1. A path of four edges is referred to as a 4-path.
Trees
A tight upper bound for acyclic graphs is presented in this section. For example, a star chromatic index of every tree with a ∆-vertex whose all neighbors are ∆-vertices achieves the upper bound.
Theorem 4. Let T be a tree with maximum degree ∆. Then
Moreover, the bound is tight.
Proof. First we prove the tightness of the bound. Let T be a rooted tree with a root v of degree ∆ and let each of its neighbors v i have ∆ − 1 leafs. Thus, T has ∆(∆ − 1) 1-level edges. In an optimal coloring with ∆ + k colors suppose that each edge vv i is colored by i. Note that for any distinct neighbors v i , v j of v we have that if the color j appears at v i the color i does not appear at v j , and vice versa. Thus, colors 1, . . . , ∆ may appear together at most ∆(∆ − 1)/2 times at 1-level edges. Moreover, each of the colors ∆ + 1, . . . , ∆ + k may appear at each v i , so together they appear k∆ times at 1-level edges. Hence, it must hold
which implies that k ≥ (∆ − 1)/2 and gives the tightness of our bound. Now, we present a construction of a star edge coloring ϕ of T using colors from a set C, where |C| = 3 2 ∆ . First, we select an arbitrary vertex v of T to be the root of T . Moreover, to every vertex of degree at least 2 in T we add some edges such that its degree increases to ∆. In particular, every vertex in T has degree ∆ or 1 after this modification. For every vertex u of T we denote its neighbors by n 0 (u), . . . , n ∆−1 (u); here we always choose its eventual predecessor regarding the root v to be n 0 (u). By t(u), for u = v, we denote an integer i such that u = n i (n 0 (u)), and by C(u) we denote the current set of colors of the edges incident to u.
We obtain ϕ in the following way. First we color the edges incident to the root v such that ϕ(vn i (v)) = i + 1, for i = 0, 1, . . . , ∆ − 1. Then, we continue by coloring the edges incident to the remaining vertices, in particular, we first color the edges incident to the vertices of level 1, then the edges incident to the vertices of level 2 etc.
Let u be a k-level vertex whose incident k-level edges are not colored yet. Let C ′ (n 0 (u)) = C \ C(n 0 (u)) be the set of colors that are not used for the edges incident to n 0 (u).
we use distinct colors from the set C ′ (n 0 (u)).
Next, we color the remaining edges incident to u. There are ∆ 2 − 1 of such edges. We color the edges one by one for i = 1, . . . ,
Notice that after the above procedure is performed for each vertex u all the edges of T are colored. It remains to verify that ϕ is indeed a star edge coloring of T . It is easy to see that the edges incident to the same vertex receive distinct colors, so we only need to show that there is no bichromatic 4-path in T . Suppose, for a contradiction, that there is such a path P = wxyzt with ϕ(xw) = ϕ(yz) and ϕ(xy) = ϕ(tz). Assume, without loss of generality, that d(v, w) > d(v, z). Note also that y = n 0 (x), w = n i (x), for some i > 0, and z = n j (y), for some j ≥ 0. Since
by (1) we have that j = (t(x) + i) mod ∆. Hence, z = n t(x)+i (y) and by ( * ) we have
Now, we consider two cases regarding the value of j. First, suppose j = (t(x) + i) mod ∆ = 0 (it means that i + t(x) = ∆). Since
as above, by (1), we have that ℓ = (t(y) + t(x)) mod ∆ and by ( * )
By summing (2) and (3) and using i + t(x) = ∆, we obtain
a contradiction. Second, let j > 0. Then, y = n 0 (z) and
By (1), t(x) = (t(z) + ℓ) mod ∆ and
Moreover, since j = t(x) + i and t(z) = j, we have
So, i + ℓ = ∆ and, similarly as in the previous case, by summing (2) and (4) we obtain
a contradiction that establishes the theorem.
Outerplanar graphs
In this section we consider outerplanar graphs. First, we use the bound from Theorem 4 to derive an upper bound for outerplanar graphs.
Theorem 5. Let G be an outerplanar graph with maximum degree ∆. Then,
Proof. Let G be an outerplanar graph and v a vertex of G. Let T be a rooted spanning tree of G with the root v such that for any vertex
. By Theorem 4, there exists a star edge coloring ϕ of T with at most 3 2 ∆ colors. Now, we consider the edges of G which are not contained in T . Let uw ∈ E(G)\E(T ) be an edge such that d(v, u) = k, d(v, w) = ℓ, and k ≤ ℓ. By the definition of T , we have that either k = ℓ or k = ℓ − 1. In the former case, we refer to uw as a horizontal edge (or a k-horizontal edge), and in the latter case, we call it a diagonal edge (or a k-diagonal edge) (see Fig. 1 for an example).
Since outerplanar graphs do not contain K 4 -minors, we have that the horizontal edges induce a linear forest in G, i.e., a graph in which every component is a path. It is easy to see that 3 colors suffice for a star coloring of a path. We use three additional colors for all the k-horizontal edges when k is odd, and another three colors for the k-horizontal edges when k is even, six additional colors altogether. Obviously, no bichromatic 4-path is introduced in G.
It remains to color the diagonal edges. Let L k be the bipartite graph whose vertices are the k-level and (k + 1)-level vertices of G, and two vertices are adjacent if they are 
This properties imply that the k-diagonal edges can be colored with two colors such that no bichromatic path is introduced in G. For instance, we first color the edges incident to eventual k-level vertices that are incident to two k-diagonal edges, and then the remaining edges. We use 2 distinct colors for the k-diagonal edges when k ≡ 0 (mod 3), another two when k ≡ 1 (mod 3), and two when k ≡ 2 (mod 3), so 6 altogether.
Hence, we obtain a star edge coloring of G with at most ⌊ 3 2 ∆⌋ + 12 colors. In a special case when a maximum degree of an outerplanar graph is 3, we prove that five colors suffice for a star edge coloring. Moreover, the bound is tight. Consider a 5-cycle v 1 v 2 v 3 v 4 v 5 with one pendent edge at every vertex (see Figure 2) . In case that only four colors suffice, all four should be used on the edges of the cycle and only one could be used twice, so the coloring of the cycle is unique up to the permutation of colors. Consider the coloring of the cycle in Figure 2 . Only the color 4 may be used for the pendent edge incident to v 4 . But, in this case, all the colors are forbidden for the pendent edge incident to v 1 , which means that we need at least 5 colors for a star edge coloring of the graph. In particular, we may color all the pendent edges of the graph by color 5 and obtain a star 5-edge coloring.
Before we prove the theorem, we present a technical lemma. A cactus graph is a (multi)graph in which every block is a cycle or an edge. We say that a cactus graph is a light cactus graph if the following properties hold:
• all the vertices have degree 2 or 4;
• only the vertices of degree 4 are cutvertices;
• on every cycle there are at most two vertices of degree 2. Moreover, if there are two vertices of degree 2 on a cycle, then they are adjacent.
Lemma 6. Every outerplanar embedding of a light cactus graph admits a proper 4-edge coloring such that no bichromatic 4-path exists on the boundary of the outer face.
Proof. The proof is by induction on the number n c of cutvertices of a light cactus graph L. The base case with n c = 0 is trivial, since L has at most two edges. In case when n c = 1, L is isomorphic to one of the three graphs depicted in Fig. 3 , together with the colorings of the edges. 
Every v i is incident to two edges t 1 i and t 2 i of L such that t 1 i , t 2 i / ∈ E(M ), we call such edges tentacles. Note that these two edges belong to a same block.
Let L i be the component of L \ E(M ) containing v i (and so t 1 i and t 2 i ). Let H i be the graph obtained from L i by connecting the vertex v i with a new vertex u i with two edges e i and f i . By induction hypothesis, every H i admits a coloring with at most 4 colors.
Next, let L M be a subgraph of L consisting of the cycle M and all its tentacles. We color the edges of L M as follows. If M is an even cycle, we color the edges of M by the colors 1 and 2, and the tentacles by colors 3 and 4 in such a way that the tentacles of color 3 are always on the same side, i.e., contraction of the edges of M results in a star with the edges alternately colored by 3 and 4 (see Fig. 4) .
In case when M is an odd cycle, it contains a pair of adjacent cutvertices u and v of L. Without loss of generality, we choose u to be incident to an eventual vertex of degree 2 of M . We color the edge uv with color 3, and the remaining edges of M alternately by the colors 1 and 2 starting at the edge incident to u. Next, we color the tentacles by colors 3 and 4 similarly as in the previous case such that the tentacles of color 3 are always on the same side, in particular the edge of color 4 incident to u is consecutive to the edge of color 1 incident to u on the boundary of the outerface of L M . In the end, we recolor the tentacles incident to the vertices u and v as follows.
In case when M is a cycle of length 3 with a vertex of degree 2, we recolor the tentacle of color 3 incident to u by color 2, and the tentacles of color 4 and 3 incident to v by colors 1 and 4, respectively (see the left graph in Fig. 5 ). Otherwise, if M is not a cycle of length 3 with a vertex of degree 2, we recolor the tentacle of color 3 incident to u by color 2, and the tentacle of color 3 incident to v by color 1 (see the right graph in Fig. 5 for an example). Observe that every four consecutive edges along the boundary of the outer face in L M receive at least three distinct colors. Moreover, every three consecutive edges along the boundary of the outer face of L M starting at a tentacle receive three distinct colors. Finally, we permute the colors in each component L i to match the coloring of L M (we identify the edges e i and f i with the tentacles of M incident to v i ). It is easy to see that we obtain an edge coloring without bichromatic 4-path along the boundary of the outer face of the graph L. Namely, let P be a 4-path along the outer face in L. If at least three edges of P are in L M , then P is not bichromatic. On the other hand, if L M contains at most two edges of P , then all the edges of P belong to some component L i . Hence, we have shown that every outerplanar embedding of a light cactus graph L admits a proper 4-edge coloring such that no bichromatic 4-path exists on the boundary of the outer face, and so establish the lemma.
Theorem 7. Let G be a subcubic outerplanar graph. Then,
Proof. Let G be a minimal counterexample to the theorem, i.e., a subcubic outerplanar graph with the minimum number of edges that does not admit a star edge coloring with at most 5 colors. We also assume that G is embedded in the plane. We first discuss a structural property of G and then show that there exists a star 5-edge coloring in G, hence obtaining a contradiction.
Suppose that G contains a bridge uv, where u and v have degree at least 2 (we call the edge uv a nontrivial bridge). Let G u and G v be the two components of G − uv containing the vertex u and v, respectively. Let H u = G[V (G u ) ∪ {v}], i.e., a subgraph of G induced by the vertices in V (G u ) ∪ {v}, and similarly, let
By the minimality of G, there exist star 5-edge colorings of H u and H v . We may assume (eventually after a permutation of the colors), that uv is given the color 5 in both graphs H u and H v and all the edges incident to the edge uv are colored by distinct colors. It is easy to see that the colorings of H u and H v induce a star 5-edge coloring of G, a contradiction.
Hence, we may assume that G has no nontrivial bridge, so G is comprised of an outer cycle C = v 1 v 2 . . . v k , some chords of C and some pendent edges. Now, we construct a star 5-edge coloring of G. We will show that there exists a star edge coloring of the edges of C by the four colors in such a way that every chord of C is incident to the four distinctly colored edges. That means that after we color the chords and pendent edges by the fifth color a star 5-edge coloring of G is obtained.
First, we remove the pendent edges and then maximize the number of chords of C by joining pairs of nonadjacent 2-vertices incident to common inner faces. We obtain a 2-connected subcubic outerplanar graph G ′ which is either isomorphic to C 3 or every inner face f of G ′ is incident to at most two 2-vertices. Moreover, if f is incident to two 2-vertices, they are adjacent. Now, let G ′′ denote the graph obtained from G ′ by contracting the chords. Observe that G ′′ is an outerplanar multigraph with vertices of degree 2 or 4, where the 4-vertices are the cutvertices obtained by chord contractions, and the 2-vertices of G ′′ are the 2-vertices of G ′ . In fact, G ′′ is a light cactus graph (see Fig. 6 for an example). It remains to find a star coloring of G. By Lemma 6, we can color the edges of G ′′ with four colors such that no bichromatic 4-path exists on the boundary of the outer face. This coloring induces a partial edge coloring of G, where only the chords of C and the pendent edges remain noncolored. We color them by color 5. Since all the edges incident to any edge of color 5 receive distinct colors, we obtain a star 5-edge coloring of G. This completes the proof.
In Theorem 5, we proved that 3 2 ∆ +12 colors suffice for a star edge coloring of every outerplanar graph. Let us mention that the constant 12 can be decreased to 9 using more involved analysis. However, we prefer to present a short proof, since the precise bound is probably considerably lower. In particular, we believe that the following conjecture holds. For graphs with maximum degree ∆ = 2, i.e. for paths and cycles, there exist star edge colorings with at most 3 colors except for C 5 which requires 4 colors. In case of subcubic outerplanar graphs the conjecture is confirmed by Theorem 7.
